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FCM fundamentals

Basics

Fuzzy Cognitive Maps components

Representation

FCM is a soft computing technique, closely to a one-layer recurrent dynamic
neural network.

FCMs consist of concepts, that illustrate different aspects in the system’s behavior
and these concepts interact with each other showing the dynamics of the system.

FCMs are represented by directed graphs capable of modelling relationships or
casualities existing between concepts. Concepts (ci) are represented by nodes and
edges (eij) represent relationships between them.
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FCM fundamentals

Basics

Introduction

Definitions

A FCM can be represented as a 4-tuple

Γ =< N,E, f, r >

where N is the set of nodes, E are the set of edges between nodes, f(·)
the activation function and r the nodes’ range, r = {[0,+1]|[−1,+1]},
N = {< ni >} where ni are the nodes.

E is represented as

E = {< eij , wij > | ni, nj ∈ V}

where eij is the edge from node ni to node nj , and wij is the weight of
the edge eij .
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FCM fundamentals

Basics

Topology

One-layer recurrent
dynamical NN

FCM models a
system as an
one-layer NN.

Note that it is not
a neural network.
Figure shows just
an analogy.

Main difference with NN

Each node has a
meaning in FCM
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FCM fundamentals

Construction

Expert based

Experts issues

Expert-based construction is strongly dependent on the
experts’ selection and its knowledge.

Augmented Weighted FCM

Each expert could has a credibility weight (ei).

A∗ =
E∑
k=1

(
ek∑E
m=1 ek

)
· Ak

Defuzzification

It is necessary to convert the fuzzy quantities into crisp
quantities for further FCM processing. For instance,
Center of Gravity :

COGy =

∫
x∈X

x · µA(x) dx∫
x∈X

µA(x) dx
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FCM fundamentals

Construction

Delphi/Augmented FCM

S. Bueno and J.L. Salmeron (2008). Fuzzy

modelling Enterprise Resource Planning tool
selection. Computer Standards and Interfaces
30(3), pp. 137-147.

J.L. Salmeron (2009). Augmented Fuzzy Cognitive

Maps for modelling LMS Critical Success Factors.
Knowledge-Based Systems 22(4), pp. 275-278.

Delphi method

It is just for expert-based FCMs.

Experts design FCM in several rounds.

After the first one, each expert knows
the overall data and he/she can adjust
his/her previous judgement.

Augmented FCM

It doesn’t need that experts change
their initial judgement for consensus
as Delphi methodology.

The augmented adjacency matrix
(A∗ = [w∗ij ]m×m) is built adding the
adjacency matrix of each data source.

If there are common nodes within the
adjacency matrices, the element (w∗ij)

would be w∗ij = 1
n
·
∑n
k=1 wijk
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FCM fundamentals

Construction

Data-driven

Goal

Improve the FCM model

Learning Human Data Activation Learning
Alg. goal involvement type function type

DHL Adj. mat. No Single N/A Hebbian
BDA Adj. mat. No Single Binary modified Hebbian
NHL Adj. mat. Initial Single Continuous modified Hebbian
AHL Adj. mat. Initial Single Continuous modified Hebbian
GS Adj. mat. No Multiple Continuous Genetic
PSO Adj. mat. No Multiple Continuous Swarm
GA Initial vector N/A N/A Continuous Genetic
RCGA Adj. mat. No Single Continuous Genetic

AHL/NHL human involvement

Initial human intervention is necessary, but later when applying the algorithm there is no
human intervention needed
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FCM fundamentals

Construction

Comparison

Expert-based vs. data-driven approaches

Expert-based Data-driven

Type of modeling Deductive Inductive

Main objective To create a model that is
structurally understandable

To create a model that pro-
vides accurate simulations

Main application Static analysis Dynamic analysis

Main shortcoming Dynamic analysis could be
inaccurate

Static analysis could be in-
accurate and more difficult
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FCM fundamentals

Analysis

Static

Concept

Static analysis study the characteristics of
the FCM weighted directed graph that
represent the model, using graph theory
techniques.

Density

Density (D) is the relation between the
nodes (N) and the edges (E) of the model.

D =
E

N · (N − 1)

High density indicates increased complexity
in the model and respectively to the
problem that the model represents.
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FCM fundamentals

Analysis

Static

Some measures

In-degree d+(cj)=
∑n
i=1 |eij |

Out-degree d−(ci)=
∑n
j=1 |eij |

Centrality c(ci) = d+(ci) + d−(ci)

Weighted d+w(cj)=
∑n
i=1 |wij |

in-degree

Weighted d−w(ci)=
∑n
j=1 |wij |

out-degree

Weighted cw(ci)= d+w(ci) + d−w(ci)
centrality

Input node ni|d+ = 0

Output node ni|d− = 0
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FCM fundamentals

Analysis

FCM Dynamics

Concept

FCM is a deterministic model. It predicts future state
evolution deterministically as shown in the updating rules
with the expectation that the initial state vector is converged
finally to a fixed point.

Updating nodes

ci(t + 1) = f

(
n∑
j=1

wji · cj(t)
)

ci(t + 1) = f

(
n∑
j=1

wji · cj(t) + ci(t)

)

ci(t + 1) = f

(
k1 ·

n∑
j=1

wji · cj(t) + k2 · ci(t)
)

1st iteration

c(0) =
(
c1(0) · · · c4(0)

)
→ c(1) =

(
f(·) · · · f(·)

)
2nd iteration

c(1) =
(
c1(1) · · · c4(1)

)
→ c(2) =

(
f(·) · · · f(·)

)
· · · · · ·
Last iteration√∑N

i=1

(
ci(t)− ci(t− 1)

)2
<

tolerance︷︸︸︷
ε
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FCM fundamentals

Analysis

Activation functions

Bueno, S. and Salmeron, J.L. (2009). Benchmarking Main Activation Functions in Fuzzy Cognitive Maps.

Expert Systems with Applications 36(3 part 1) pp. 5221-5229.

Concept

The FCM inference process finish when the stability is reached. The FCM
reaches either one of the following states following the iterations.

Fixed-point attractor c(t− 1) = c(t)

Limited cycle ∃t, k|(c(t− k) = c(t)) ∧ (c(t− k + 1) 6= c(t))

Chaotic attractor

Main activation functions

Bivalent f(ci) =

{
0 if ci ≤ 0
1 if ci > 0

Trivalent f(ci) =

 −1 if ci ≤ −0.5
0 if −0.5 < ci < 0.5

+1 if ci ≥ −0.5

Unipolar sigmoid f(ci) =
1

1 + e−λ·ci

Hyperbolic tangent f(ci) =
e2·λ·ci + 1

e2·λ·ci − 1
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FCM fundamentals

Analysis

Forward-Backward

What-if analysis

Goal : Impact of c(0) over c(t)

Method : Running FCM dynamics

Population-based analysis

Method : Evolving a population of initial vector
states ({c(0)}ni=1)

Fitness: min(err) where erri = |c(t)i − c(t)∗i |
Forward analysis

Finding the optimum final vector state (c(t))

Backward analysis
Finding c(0) that generates a specific c(t)
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FCM fundamentals

Analysis

Ranking FCM scenarios with TOPSIS

J.L. Salmeron, R. Vidal and A. Mena (2012). Ranking Fuzzy Cognitive Maps based scenarios with TOPSIS. Expert Systems with

Applications 39(3), pp. 2443-2450.

FCM consensus

This proposal includes Delphi

FCM dynamics

Dynamic analysis is run for each
scenario

TOPSIS-based rank

The closer scenario to the
positive-ideal scenario is the best
solution.
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FCM fundamentals

Analysis

FCM extensions

FCM extensions

Fuzzy Grey Cognitive Maps

Rule-Based Fuzzy Cognitive Maps

Probabilistic Fuzzy Cognitive
Maps

Intuitionistic Fuzzy Cognitive
Maps

Dynamical Cognitive Networks

Belief Degree-Distributed Fuzzy
Cognitive Maps

Rough Cognitive Maps

Dynamic Random Fuzzy
Cognitive Maps

Fuzzy Cognitive Networks

Evolutionary FCMs

Fuzzy Time Cognitive Maps

Fuzzy Rules Incorporated with
FCMs

Timed Automata-based Fuzzy
Cognitive Maps



Keynote talk: Machine Learning in Grey-Based Soft Computing techniques

Fuzzy Grey Cognitive Maps

Outline

1 FCM fundamentals
Basics
Construction
Analysis

2 Fuzzy Grey Cognitive Maps
Grey Systems Theory
FGCM fundamentals
Analysis
Example: A FGCM-based intelligent system

3 Machine Learning in Grey-based Soft Computing techniques
Unsupervised Learning
Supervised Learning



Keynote talk: Machine Learning in Grey-Based Soft Computing techniques

Fuzzy Grey Cognitive Maps

Grey Systems Theory

Overview

Introduction

A very effective solving problem set of techniques within environments with high uncertainty.

GST have been designed to analyze small data samples with poor information.

Comparison between GST, and Fuzzy theory

Fuzzy theory holds some previous information (usually based on experience); while GST deal
with objective data, they do not need any previous information other than the data sets that
need to be disposed.

The key difference between fuzzy and grey systems concepts is intension and extension of the
analyzed objects. While GST focus on objects with clear extension and ambiguous intension,
fuzzy theory mostly analyze the objects with clear intension and ambiguous extension.

Comparison between Black, Grey and White systems

Black Grey White
Information Unknown Incomplete Known
Conclusion No result Multiple solution Unique solution
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Fuzzy Grey Cognitive Maps

FGCM fundamentals
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Fuzzy Grey Cognitive Maps

FGCM fundamentals

Introduction

J.L. Salmeron (2010). Modelling grey uncertainty with Fuzzy Grey Cognitive Maps. Expert Systems with Applications 37, pp.

7581-7588.

Fuzzy Grey Cognitive Maps

A FGCM models unstructured knowledge through causalities through imprecise terms and grey
relationships between them based on Fuzzy Cognitive Maps.

FGCMs are a generalization of FCMs, since a FGCM with all the relations’ intensities represented by white
numbers would be a FCM.

FGCM represents the human intelligence better than FCM, because it faces unclear relations between
factors and incomplete information better than FCM.

Comparison

Systems Bayesian Neural
Requirements Dynamics Networks Networks FCM FGCM
Considers all possible connections X X X X X
Do not ignore the uncertainty X X X X
Directed graph with cycles X X X
The propagation does not carry on an es-
tablished pattern

X X X

Assume information is scarce X X X
Process the data source’s uncertainty X
Consider multi-meaning problems X
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Fuzzy Grey Cognitive Maps

FGCM fundamentals

Introduction

Definitions

A FGCM can be represented as a 4-tuple

Ψ =< N,E, f, r >

where N is the set of nodes and E are the set of edges between nodes, f(·) the grey
activation function and r the limits nodes’ state range and {c, c} ∈ {[0,+1]|[−1,+1]}.
Note that r and r must have the same range.

As FCMs, N is represented as a tuple

N = {< ni >}

where ni are the nodes. E is represented by

E = {< eij ,⊗wij) > | ni, nj ∈ V}

where eij is the edge from node ni to node nj , and ⊗wij) is the grey weight of the
edge eij . Note that FGCMs include grey uncertainty within grey weights and grey
nodes’ states.
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Fuzzy Grey Cognitive Maps

FGCM fundamentals

Grey weights ⊗g limits and measures

Grey numbers ⊗g ∈ [g, g] in FGCM

1 ⊗g1 ∈ [g
1
, g1] | g

1
< g1

2 ⊗g2 ∈ [g
2
, g2] | g

2
< +∞, g2 = +∞

3 ⊗g3 ∈ [g
3
, g3] | g

3
= −∞, g3 > −∞

4 ⊗g4 ∈ [g
4
, g4] | g

4
= −∞, g4 = +∞

5 ⊗g5 ∈ [g
5
, g5] | g

5
= g5

Whitenization

The transformation process of grey numbers in white ones

⊗̂g = δ · g + (1− δ) · g | δ ∈ [0, 1]

Greyness

GST includes greyness as an uncertainty measurement. With higher
values of greyness then a higher uncertainty degree.

φ(⊗g) =
|`(⊗g)|
`(⊗ψ)
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Fuzzy Grey Cognitive Maps

FGCM fundamentals

Grey weight with base value and symmetric / asymmetric vibration

⊗w(e) ∈ [w,w]

⊗w(e) ∈


[e− δe, e + δe] if (−1 ≤ e− δe ≤ +1) ∧ (−1 ≤ e + δe ≤ +1)
[e− δe,+1] if (−1 ≤ e− δe ≤ +1) ∧ (+1 < e + δe)
[−1, e + δe] if (e− δe < −1) ∧ (−1 ≤ e + δe ≤ +1)
[−1,+1] if (e− δe < −1) ∧ (+1 < e + δe)
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Fuzzy Grey Cognitive Maps

FGCM fundamentals

Grey weight with same base value and different (+|−) vibration

Vibration illustrative example

Same base value (e) with a couple of differents

vibrations (δae and δbe)

⊗wa(e)

Base value positive and e± δae > 0

⊗wb(e)

Base value positive and wb < 0 ∧ wb > 0

Note that base value is the same in both cases
(⊗wa(e) and ⊗wb(e))

The vibration includes a negative zone within the

grey number [e− δbe, 0]
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Fuzzy Grey Cognitive Maps

Analysis

FGCM uncertainty measures

Greyness

Furthermore, FGCM includes greyness as an uncertainty measurement. Higher values
of greyness mean that the results have a higher uncertainty degree. It is computed as
follows

φ(⊗ci) =
|`(⊗ci)|
`(⊗ψ)

where |`(⊗ci)| is the absolute value of the length of grey node ⊗ci state value, and
`(⊗ψ) is the absolute value of the range in the information space, denoted by ψ.

FGCM maps the nodes’ states within an interval [0, 1] or [−1,+1] if negative values
are allowed. In this sense,

`(⊗ψ) =

{
1 if {⊗ci,⊗wi} ⊆ [0, 1] ∀ ⊗ ci,⊗wi
2 if {⊗ci,⊗wi} ⊆ [−1,+1] ∀ ⊗ ci,⊗wi
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Fuzzy Grey Cognitive Maps

Analysis

Static

Grey measures

FGCM includes new uncertainty measures

Greyness φ+(⊗cj) =
∑n
i=1

|`(⊗wij)|
`(⊗ψ)

in-degree

Greyness φ−(⊗cj) =
∑n
j=1

|`(⊗wij)|
`(⊗ψ)

out-degree

Overall φ⊕(⊗ci) = φ(⊗ci) + φ+(⊗cj) + φ−(⊗cj)
greyness
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Fuzzy Grey Cognitive Maps

Analysis

FCM vs. FGCM

Fuzzy Cognitive Maps

1 Just one kind of relationship between nodes
w13

Fuzzy Grey Cognitive Maps

1 White relationship
⊗w13 ∈ [w13, w13] |w13 = w13

2 Grey relationship
⊗w12 ∈ [w12, w12] |w12 < w12

3 Black relationship
⊗w23 ∈ [w23, w23] |w23 = −1 ∧ w23 = +1
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Fuzzy Grey Cognitive Maps

Analysis

FGCM dynamics

Initial grey vector state

FGCMs dynamics begins with the design of the
initial grey vector state ⊗~c(0), which represents a
proposed initial grey stimuli.

⊗~c(0) = (⊗c1(0) . . . ⊗ cn(0))
=
([
c1(0), c1(0)

]
. . .
[
cn(0), cn(0)

])

Grey activation function

The updated nodes’ states are computed in an
iterative inference process with a grey activation
function.

⊗cj(t + 1) ∈ f
(
⊗cj(t) +

∑N
i=1 wij · ⊗cj(t)

)
∈ f

(
⊗cj(t∗)

)
∈
[
f
(
cj(t∗)

)
, f
(
cj(t∗)

)]
∈
[
cj(t + 1), cj(t + 1)

]

Grey unipolar sigmoid

The unipolar sigmoid function is the most used one
in FCM and FGCM when the concept value maps in
the range [0, 1].

⊗ci(t + 1) ∈
[(

1 + e
−λ·ci(t∗)

)−1
,
(
1 + e

−λ·ci(t∗)
)−1

]

Grey hyperbolic tangent

When the concepts’ states map in the range
[−1,+1] the function used would be the
hyperbolic tangent.

⊗ci(t + 1) ∈
[(

e2·λ·ci(t∗) − 1

e2·λ·ci(t∗) + 1

)
,

(
e2·λ·ci(t∗) − 1

e2·λ·ci(t∗) + 1

)]
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Fuzzy Grey Cognitive Maps

Analysis

FGCM dynamics

Initial grey vector state

FGCMs dynamics begins with the design of
the initial grey vector state ⊗~c(0), which
represents a proposed initial grey stimuli.

Grey activation function

The updated nodes’ states are computed in
an iterative inference process with a grey
activation function.

Grey unipolar sigmoid

The unipolar sigmoid function is the most
used one in FCM and FGCM when the
concept value maps in the range [0, 1].

Grey hyperbolic tangent

When the concepts’ states map in the range
[−1,+1] the function used would be the
hyperbolic tangent.

FGCM stability

The FGCM inference process finish when the
stability is reached.

After its inference process, the FGCM reaches
either one stable state following a number of
iterations.

1 It settles down to a fixed pattern of node states,
the so-called grey hidden pattern or grey
fixed-point attractor.

2 Moreover, the state could keep cycling between
several fixed states, known as a limit grey cycle.

3 Using a continuous activation function, a third
state would be a grey chaotic attractor. It
happens when, instead of stabilizing, the FGCM
continues to produce different grey vector states
for each iteration.
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Fuzzy Grey Cognitive Maps

Analysis

FCM vs. FGCM Construction process

Grey Weights determination

1 Base value definition. It could be assign as the same way than in FCM. Anyway, the base value is located
within the FGCM nodes/weights’ range weij ∈ {[0,+1] | [−1,+1]}.

2 Selection of the vibration value of the base value δe. If construction is automatic, vibration could represent

noise or another measurements distorsions. In the experts based construction process the base value

determine the δe value.

If the expert has the whole trust on the base value e, the vibration’s value would be δe = 0.
if the expert has not any trust on the base value, the vibration’s value would be as weij ± δe = ±1.
Otherwise, (weij + δe ≤ +1) ∧ (weij − δe ≥ −1).
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Fuzzy Grey Cognitive Maps

Analysis

Applications
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Fuzzy Grey Cognitive Maps

Example: A FGCM-based intelligent system

Model

Problem

A synthetic case study for
showing the added value of
FGCMs.

The simulation consists in an
Intelligent Security System
controlling several
surveillance assets.



Keynote talk: Machine Learning in Grey-Based Soft Computing techniques

Fuzzy Grey Cognitive Maps

Example: A FGCM-based intelligent system

Model

Problem

A synthetic case study for
showing the added value of
FGCMs.

The simulation consists in an
Intelligent Security System
controlling several
surveillance assets.

Table: Initial grey vector states {⊗c(0)i}3i=1

⊗c(0)1 ⊗c(0)2 ⊗c(0)3
⊗c1(0) [.0, .0] [.0, .0] [.0, .0]
⊗c2(0) [.0, .0] [.0, .0] [.0, .0]
⊗c3(0) [.4, .4] [.0, .0] [.0, .0]
⊗c4(0) [.0, .0] [.0, .0] [.0, .0]
⊗c5(0) [−.5,−.5] [−.5,−.5] [−.8,−.8]
⊗c6(0) [.6, .6] [−.4,−.4] [.0, .0]

Solution

⊗c1(s)2 � ⊗c1(s)3 � ⊗c1(s)1

⊗c1(s)1 ∈ [−.9420,−.8909]

⊗c1(s)2 ∈ [.8240, .9043]

⊗c1(s)3 ∈ [.7720, .8848]
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Machine Learning in Grey-based Soft Computing techniques

Learning
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Machine Learning in Grey-based Soft Computing techniques

Unsupervised Learning

NHL

E.I. Papageorgiou and J.L. Salmeron (2011). Learning Fuzzy Grey Cognitive Maps using Nonlinear Hebbian-based approach.

International Journal of Approximate Reasoning, 53(1), pp. 54-65.

NHL-FGCM

NHL learning rule for FGCMs introduces a learning rate parameter, the determination of
input and output nodes, and the termination conditions.

∆⊗ wji(k) = ηk · ⊗cj(k − 1) · (⊗ci(k − 1)−⊗cj(k − 1) · ⊗wji(k − 1))

where the coefficient ηk is a very small positive scalar factor called learning parameter.

This simple rule states that if ci(k) is the value of node ci at iteration k, and cj is the value
of the triggering node cj which triggers the node ci, the corresponding grey weight ⊗wji
from node cj towards the node ci is increased proportional to their product multiplied with
the learning rate parameter minus the grey weight decay at iteration step k.

As a result

⊗wji(k) =

[ wji(k)︷ ︸︸ ︷
wji(k − 1) + ηk · ⊗cj · (⊗ci(k)−⊗cj · ⊗wji(k − 1)),

wij(k − 1) + ηk · ⊗cj · (⊗ci(k)−⊗cj · ⊗wji(k − 1))︸ ︷︷ ︸
wji(k)

]
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Machine Learning in Grey-based Soft Computing techniques

Unsupervised Learning

NHL

E.I. Papageorgiou and J.L. Salmeron (2011). Learning Fuzzy Grey Cognitive Maps using Nonlinear Hebbian-based approach.

International Journal of Approximate Reasoning, 53(1), pp. 54-65.

NHL-FGCM termination criteria

These criteria determine when the iterative process of the learning algorithm terminates. Through this process and

when the termination conditions are met, the final weight matrix updated ⊗wupdated is obtained.

1 Maximization of the objective function J , which has been defined by Hebb’s rule.

maximize J = E{z2}
subject to: ||w|| = 1

where z = f (y), and f is the sigmoid function. The objective function J is defined as

J =
∑l
i=1 (OCi)

2, where l is the number of OCs.

2 Minimization of the variation of two subsequent values of OCs.

|OCk+1
j − OCkj | < e

where the term e is a tolerance level keeping the variation of values of OC(s) as low as possible and it is
proposed as e = 0.001.

3 Stability of the grey vector state.
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Machine Learning in Grey-based Soft Computing techniques

Unsupervised Learning

NHL

E.I. Papageorgiou and J.L. Salmeron (2011). Learning Fuzzy Grey Cognitive Maps using Nonlinear Hebbian-based approach.

International Journal of Approximate Reasoning. forthcoming.

NHL-FGCM Supervisor

Node Description
SC1 Tumor Localization.
SC2 Dose prescribed from Treatment Planning

(TPD).
SC3 Machine factors.
SC4 Human factors.
SC5 Patient positioning and immobilization.
SC6 Quality Assurance (QA).
SC7 Final Dose given to the target volume (FD).
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Machine Learning in Grey-based Soft Computing techniques

Supervised Learning

RCGA-FGCM
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Machine Learning in Grey-based Soft Computing techniques

Supervised Learning

RCGA-FGCM

W. Froelich and J.L. Salmeron (2014). Evolutionary Learning of Fuzzy Grey Cognitive Maps for the Forecasting of Multivariate,

Interval-Valued Time Series. International Journal of Approximate Reasoning 55(6), pp. 1319-1335.

Population

Data sources (final states’ set
vs. time series)

The objective is to optimize
the matrix [⊗An×n] with
respect to the forecasting
accuracy.

Fitness

Fitness function depends on
raw data

Algorithm 1: RCGA-based FGCM pseudo-code
Data: Domain’s raw data
Result: Automatic built FCM

1 Choose initial FGCM population (random);
2 Design fitness function;
3 Evaluate each FGCM’s fitness;
4 while Termination is false do
5 Select best-ranking FGCM to reproduce;
6 Mate pairs at random;
7 Prune FGCM population;
8 Crossover operator;
9 Mutation operator;

10 Evaluate each FGCM’s fitness;
11 Check termination criteria;

12 end
13 Select best-fitness FGCM
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More ...

More ideas

FGCM learning and automatic construction with new algorithms

FGCM in control systems

FGCM in biomedical engineering

FGCM in environmental control

FGCM synaptic plasticity

and so on

. . .
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